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MODELING OF THE PROCESS OF COMBINED STRENGTHENING 

TREATMENT BY IMPULSE-IMPACT ROLLING AND A ROTATING MAGNETIC 

FIELD 

 
 

:gghlZpby 

Ij_^eh`_g gh\uc kihkh[ nhjfhh[jZah\Zgby ih\_joghklb hl\_jklby pbebg^jZ bfimevkgh-

m^Zjguf ^_nhjfbjh\Zgb_f \ fZ]gblghf ihe_. JZajZ[hlZgZ dhgkljmdpby bgkljmf_glZ ^ey hl^_ehqgh-

mijhqgyxs_c h[jZ[hldb. <uiheg_gh fZl_fZlbq_kdh_ fh^_ebjh\Zgb_ ijhp_kkZ kh\f_s_gghc mijhq-

gyxs_c h[jZ[hldb bfimevkgh-m^Zjguf ^_nhjfbjh\Zgb_f b \jZsZxsbfky fZ]gblguf ihe_f, ijb dhlh-

jhf h[_ki_qb\Z_lky dhf[bgbjh\Zggh_ wg_j]_lbq_kdh_ \ha^_ckl\b_ gZ ahgm h[jZ[hldb. Ihemq_gu ZgZeb-

lbq_kdb_ aZ\bkbfhklb ^ey hij_^_e_gby dbg_lhklZlbq_kdbo oZjZdl_jbklbd ijb\h^guo b ^_nhjfbjmxsbo 

rZjh\ bgkljmf_glZ. 

Dexq_\u_ keh\Z: 
mijhqg_gb_, pbebg^j, ieZklbq_kdh_ ^_nhjfbjh\Zgb_, bfimevkgh-m^Zjgh_ jZkdZlu\Zgb_, fZ]gbl-

gh_ ihe_, fZ]gblgZy kbkl_fZ, fbdjhj_ev_n. 

 

Abstract 

A new method for the formation of the surface of a cylinder bore by impulse-impact deformation in the 

magnetic field is suggested. The tool for finishing-strengthening treatment has been designed. The mathematical 

modeling of the process of combined strengthening treatment by impulse-impact deformation and a rotating 

magnetic field has been done, in which a combined energy action on the area of treatment is produced. 

Analytical dependences to determine kinetostatic characteristics of driving and deformation balls of the tool have 

been received. 
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impulse-impact rolling, strengthening, cylinder, plastic deformation, pulse-shock rolling, magnetic field, 
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<\_^_gb_ 

FZrbghkljhbl_evgZy ijhfur-
e_gghklv ba]hlh\ey_l pbebg^ju, bk-
ihevam_fu_ \ ig_\fh- b ]b^jhkbkl_fZo 
jZaebqguo fZrbg b f_oZgbafh\, d dZ-
q_kl\_gguf oZjZdl_jbklbdZf \gmlj_g-
g_c jZ[hq_c ih\_joghklb dhlhjuo 
ij_^ty\eyxlky \ukhdb_ lj_[h\Zgby.  

Ih\ur_gb_ dZq_kl\_gguo b wdk-

iemZlZpbhgguo k\hckl\ \gmlj_gg_c ih-

\_joghklb pbebg^jh\ h[_ki_qb\Zxl f_-

lh^Zfb ih\_joghklgh]h ieZklbq_kdh]h 

^_nhjfbjh\Zgby gZ nbgbrguo hi_jZ-

pbyo l_ogheh]bq_kdh]h ijhp_kkZ. >ey 

j_ZebaZpbb l_ogheh]bc ih\_joghklgh]h 

ieZklbq_kdh]h ^_nhjfbjh\Zgby ijbf_-

gyxl jZkdZlgbdb `_kldh]h b mijm]h]h 

lbih\. GZb[he__ i_jki_dlb\guf y\ey-

_lky mijhqg_gb_ ih\_joghklb pbebg^-

jh\ jZkdZlgbdZfb mijm]h]h lbiZ, h[_k-

i_qb\Zxsbfb klZ[bevgu_ kbeh\u_ iZ-
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jZf_lju ijhp_kkZ b \ukhdb_ dZq_kl\_g-

gu_ oZjZdl_jbklbdb fh^bnbpbjh\Zggh-

]h ih\_joghklgh]h kehy [1, 2]. 

H^gZdh ljZ^bpbhggu_ l_ogheh]bb 

ih\_joghklgh]h ieZklbq_kdh]h ^_nhj-

fbjh\Zgby \ hij_^_e_gghc f_j_ bkq_j-

iZeb k\hb l_ogheh]bq_kdb_ \hafh`gh-

klb. < k\yab k wlbf [hevrhc gZmqguc b 

ijZdlbq_kdbc bgl_j_k ij_^klZ\eyxl kh-

\j_f_ggu_ l_ogheh]bb ih\_joghklgh]h 

ieZklbq_kdh]h ^_nhjfbjh\Zgby k dhf-

[bgbjh\Zgguf \b^hf wg_j]_lbq_kdh]h 

\ha^_ckl\by gZ mijhqgy_fmx ih\_jo-

ghklv ^_lZeb, iha\heyxsb_ ihemqblv 

fh^bnbpbjh\Zgguc ih\_joghklguc 

kehc k mgbdZevgufb k\hckl\Zfb [3, 4]. 

D qbkem i_jki_dlb\guo hlghkblky 

l_ogheh]by kh\f_s_gghc mijhqgyxs_c 

h[jZ[hldb \gmlj_gg_c ih\_joghklb pb-

ebg^jh\ bfimevkgh-m^Zjguf jZkdZlu-

\Zgb_f b \jZsZxsbfky (ihklhygguf 

beb i_j_f_gguf) fZ]gblguf ihe_f, 

iha\heyxsZy kh\f_klblv \ h^bg l_ogh-

eh]bq_kdbc i_j_oh^ ljb hi_jZpbb: mi-

jhqg_gb_ ih\_joghklgh]h kehy ^_lZeb 

bfimevkgh-m^Zjguf jZkdZlu\Zgb_f, 

fh^bnbdZpbx ih\_joghklgh]h kehy ^_-

lZeb \jZsZxsbfky fZ]gblguf ihe_f 

bgkljmf_glZ, nhjfbjh\Zgb_ gZ ih\_jo-

ghklb ^_lZeb fZkehm^_j`b\Zxs_]h 

fbdjhj_ev_nZ. Ijb wlhf kh\f_s_gb_ \h 

\j_f_gb ijhp_kkh\ fZ]gblgh]h b bf-

imevkgh-m^Zjgh]h ^_nhjfbjmxs_]h 

\ha^_ckl\bc gZ ehdZevguc mqZklhd ih-

\_joghklb pbebg^jZ h[_ki_qb\Z_l fh-

^bnbdZpbx kljmdlmju b nZah\h]h kh-

klZ\Z mijhqg_ggh]h kehy, bf_xsmx 

l_ogheh]bq_kdh_ agZq_gb_ b ih\urZx-

smx wdkiemZlZpbhggu_ oZjZdl_jbklbdb 

ih\_joghklb [5, 6].  
 

H[t_dl bkke_^h\Zgbc 

Kh\f_s_ggmx mijhqgyxsmx h[-

jZ[hldm \gmlj_gg_c ih\_joghklb pb-

ebg^jZ bfimevkgh-m^Zjguf jZkdZlu\Z-

gb_f b \jZsZxsbfky fZ]gblguf ihe_f 

hkms_kl\eyxl dhf[bgbjh\Zgguf bgkl-

jmf_glhf, ij_^klZ\e_gguf gZ jbk. 1. 

Bgkljmf_gl kh^_j`bl: hijZ\dm 1; 

rZc[u 2, 3, h[jZamxsb_ dhevp_\u_ dZ-

f_ju 4, 5, kh_^bg_ggu_ f_`^m kh[hc; 

^_nhjfbjmxsb_ rZju 6; ijb\h^gu_ 

rZju 7; fZ]gblgmx kbkl_fm ^ey hdjm`-

gh]h i_j_f_s_gby ijb\h^guo rZjh\ 7, 

\dexqZxsmx fZ]gblhijh\h^guc ^bkd 8, 

h[hcfu 9, 10 b ihklhyggu_ pbebg^jb-

q_kdb_ fZ]gblu 11, 12. Dhevp_\Zy dZf_-

jZ 4 \uiheg_gZ hldjulhc, b \ g_c k\h-

[h^gh jZkiheh`_gu ^_nhjfbjmxsb_ 

rZju 6. Ijb\h^gu_ rZju 7 mklZgh\e_-

gu \ dhevp_\hc dZf_j_ 5 k \hafh`gh-

klvx jZ^bZevgh]h b hdjm`gh]h i_j_f_-

s_gby, \aZbfh^_ckl\by k ^_nhjfbjmx-

sbfb rZjZfb 6. Pbebg^jbq_kdb_ ih-

klhyggu_ fZ]gblu 11, 12 jZaf_s_gu \ 

ZdkbZevguo hl\_jklbyo h[hcf 9, 10 b 

dhglZdlbjmxl lhjpZfb k fZ]gblhijh-

\h^guf ^bkdhf 8. Kbeh\u_ ebgbb fZ]-

gblgh]h ihey hl pbebg^jbq_kdbo ihklh-

ygguo fZ]gblh\ 11, 12 ijhoh^yl q_j_a 

fZ]gblhijh\h^guc ^bkd 8 b aZfudZxl-

ky gZ ijb\h^gu_ rZju 7. <ke_^kl\b_ 

wlh]h gZ ijb\h^gu_ rZju 7 ^_ckl\m_l 

fZ]gblgh_ ihe_ bgkljmf_glZ. 

Bgkljmf_gl kgZ[`_g fZ]gblghc 

kbkl_fhc ^ey gZfZ]gbqb\Zgby ih\_jo-

ghklgh]h kehy ^_lZeb, \dexqZxs_c 

dhevp_\u_ fZ]gblhijh\h^u 13, 14, 

\lmedb 15, 16, ihklhyggu_ pbebg^jbq_-

kdb_ fZ]gblu 17, 18, mklZgh\e_gu_ k jZ\-

ghf_jguf m]eh\uf rZ]hf \ ZdkbZevguo 

hl\_jklbyo \lmehd 15, 16 b \aZbfh^_ckl-

\mxsb_ k lhjpZfb dhevp_\uo fZ]gblh-

ijh\h^h\ 13, 14. <lmedb 15, 16 b dhevp_-

\u_ fZ]gblhijh\h^u 13, 14 aZdj_ie_gu 

gZ rZc[Zo 2, 3 khhkgh hijZ\d_ 1, kbff_l-

jbqgh dhevp_\hc dZf_j_ 4 bgkljmf_glZ. 

HijZ\dZ 1, rZc[u 2, 3, h[hcfu 9, 10 b 

\lmedb 15, 16 \uiheg_gu ba g_fZ]gblh-

ijh\h^gh]h fZl_jbZeZ. 

Mijhqgyxsmx h[jZ[hldm hkms_kl-

\eyxl ke_^mxsbf h[jZahf. HijZ\dm 1 

bgkljmf_glZ aZdj_ieyxl \ ribg^_e_, Z 

pbebg^j 19 – \ l_ogheh]bq_kdhf ijbkih-

kh[e_gbb gZ klhe_ klZgdZ. Hkv ribg^_ey 

klZgdZ kh\f_sZxl k hkvx h[jZ[Zlu\Z_-

fh]h hl\_jklby.  
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Jbk. 1. Ko_fZ kh\f_s_gghc mijhqgyxs_c h[jZ[hldb \gmlj_gg_c ih\_joghklb pbebg^jZ bfimevk-

gh-m^Zjguf jZkdZlu\Zgb_f b \jZsZxsbfky fZ]gblguf ihe_f: Z – h[sbc \b^ ko_fu; [ – ihi_j_qgh_ k_q_gb_ dhf-

[bgbjh\Zggh]h bgkljmf_glZ 
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Bgkljmf_gl \\h^yl \ hl\_jklb_ b 

kh\f_sZxl iehkdhklv jZkiheh`_gby 

]_hf_ljbq_kdbo p_gljh\ ^_nhjfbjmx-

sbo rZjh\ 6 k lhjphf pbebg^jZ 19. Bg-

kljmf_glm khh[sZxl \jZs_gb_ b i_j_-

f_sZxl k ih^Zq_c S \^hev mijhqgy_fhc 

ih\_joghklb. 

GZ ih\_joghklguc kehc n_jjhfZ]-

gblghc ^_lZeb ^_ckl\m_l \jZsZxs__ky 

fZ]gblgh_ ihe_ hl ihklhygguo pbebg^-

jbq_kdbo fZ]gblh\ 17, 18, dhgp_gljb-

jm_fuo \ ahg_ h[jZ[hldb ihkj_^kl\hf 

dhevp_\uo fZ]gblhijh\h^h\ 13 b 14. 

Ih^ ^_ckl\b_f \jZsZxs_]hky 

fZ]gblgh]h ihey hl ihklhygguo pbebg-

^jbq_kdbo fZ]gblh\ 11, 12 ijb\h^gu_ 

rZju 7 ihemqZxl hdjm`gh_ i_j_f_s_-

gb_ \^hev dhevp_\hc dZf_ju 5 bgkljm-

f_glZ b i_jbh^bq_kdb \aZbfh^_ckl\mxl 

k ^_nhjfbjmxsbfb rZjZfb 6, dhlhju_, 

\ k\hx hq_j_^v, i_j_^Zxl wg_j]bx bf-

imevkgh-m^Zjgh]h \aZbfh^_ckl\by 

\gmlj_gg_c gZfZ]gbq_gghc ih\_jogh-

klb pbebg^jZ 19, hkms_kl\eyy __ ieZ-

klbq_kdh_ ^_nhjfbjh\Zgb_ b nhjfbjmy 

gZ g_c fbdjhj_ev_n \ \b^_ khijy`_gby 

ih\_joghkl_c ihemqZ_fuo emghd. Kh-

\f_s_gb_ \h \j_f_gb f_lh^h\ mijhqg_-

gby ih\_joghklgh]h kehy pbebg^jZ 19 

bfimevkgh-m^Zjguf ^_nhjfbjh\Zgb_f 

b \jZsZxsbfky fZ]gblguf ihe_f bg-

kljmf_glZ iha\hey_l bkihevah\Zlv ih-

eh`bl_evgh_ \ebygb_ ijhp_kkh\ ^jm] gZ 

^jm]Z b ihemqblv ih\_joghklv k hkh[u-

fb nbabdh-f_oZgbq_kdbfb k\hckl\Zfb, 

dhlhju_ g_\hafh`gh h[_ki_qblv ba-

\_klgufb f_lh^Zfb ih\_joghklgh]h 

ieZklbq_kdh]h ^_nhjfbjh\Zgby. 

Ijhp_kk kh\f_s_gghc mijhqgyx-
s_c h[jZ[hldb \jZsZxsbfky fZ]gbl-
guf ihe_f b bfimevkgh-m^Zjguf ^_-
nhjfbjh\Zgb_f hkms_kl\ey_lky fZ]-
gblgh-f_oZgbq_kdhc kbkl_fhc, \ khklZ\ 
dhlhjhc \oh^yl: mkljhckl\h gZfZ]gbqb-
\Zgby ih\_joghklgh]h kehy ^_lZeb; 
\jZsZxsbcky gZfZ]gbq_gguc fZ]gblh-
ijh\h^guc ^bkd bgkljmf_glZ; ijb\h^-
gu_ b ^_nhjfbjmxsb_ rZju, mklZgh\-
e_ggu_ \ khh[sZxsboky dhevp_\uo dZ-

f_jZo bgkljmf_glZ k \hafh`ghklvx 
\aZbfh^_ckl\by; mijhqgy_fuc pbebg^j. 

 

IhklZgh\dZ aZ^Zqb bkke_^h\Zgby 

< gZklhys__ \j_fy hlkmlkl\mxl 

l_hj_lbq_kdb_ hkgh\u dbg_fZlbdb b 

^bgZfbdb ijhp_kkZ kh\f_s_gghc h[jZ-

[hldb bfimevkgh-m^Zjguf jZkdZlu\Z-

gb_f b \jZsZxsbfky fZ]gblguf ih-

e_f, qlh \uau\Z_l aZljm^g_gb_ ijb gZ-

agZq_gbb j_`bfh\ dhf[bgbjh\Zggh]h 

mijhqg_gby b ijh]ghabjh\Zgbb nbabdh-

f_oZgbq_kdbo k\hckl\ b iZjZf_ljh\ 

fbdjhj_ev_nZ nhjfbjm_fhc ih\_jogh-

klb. < k\yab k wlbf ZdlmZevghc y\ey_lky 

jZajZ[hldZ fZl_fZlbq_kdhc fh^_eb f_-

oZgbq_kdhc kbkl_fu, j_Zebamxs_c ijh-

p_kk dhf[bgbjh\Zgghc mijhqgyxs_c 

h[jZ[hldb ih\_joghklb pbebg^jZ bf-

imevkgh-m^Zjguf jZkdZlu\Zgb_f \ fZ]-

gblghf ihe_. 
 

Hkgh\gZy qZklv 

<uihegbf fZl_fZlbq_kdh_ fh^_-

ebjh\Zgb_ jZkkfZljb\Z_fhc fZ]gblgh-

f_oZgbq_kdhc kbkl_fu. Ijb jZajZ[hld_ 

fZl_fZlbq_kdhc fh^_eb \\_^_f ke_-

^mxsb_ ^hims_gby: 

–  ijh^hevgZy hkv bgkljmf_glZ 

jZkiheh`_gZ \_jlbdZevgh, Z i_j_f_s_-

gb_ ijb\h^guo b ^_nhjfbjmxsbo rZ-

jh\ hkms_kl\ey_lky \ ]hjbahglZevghc 

iehkdhklb; 

–  jZkkfZljb\Z_f ^\b`_gb_ h^gh]h 

ijb\h^gh]h b h^gh]h ^_nhjfbjmxs_]h 

rZjZ, iheZ]Zy, qlh \k_ ijb\h^gu_ b ^_-

nhjfbjmxsb_ rZju bgkljmf_glZ gZoh-

^ylky \ h^bgZdh\uo mkeh\byo; 

–  bkke_^m_f ^\b`_gb_ ijb\h^gh]h 

rZjZ \ iehkdhklb, ghjfZevghc hkb \jZ-

s_gby Hz bgkljmf_glZ \ kbkl_f_ dhhj-

^bgZl Hom; 

–  ijb\h^ghc b ^_nhjfbjmxsb_ 

rZju jZkkfZljb\Z_f dZd fZl_jbZevgu_ 

lhqdb fZkkhc m1 b m2, ihf_s_ggu_ \ 

p_glj kn_j khhl\_lkl\mxsbo jZ^bmkh\; 

–  fZ]gblguf \aZbfh^_ckl\b_f 

ijb\h^guo b ^_nhjfbjmxsbo rZjh\, Z 

lZd`_ fZ]gblguf \aZbfh^_ckl\b_f 

76



<_klgbd  ;_ehjmkkdh-Jhkkbckdh]h mgb\_jkbl_lZ. 2014. � 1 (42) 
____________________________________________________________________________________________________�

FZrbghkljh_gb_�

b^_glbqguo rZjh\ ^jm] k ^jm]hf ij_-

g_[j_]Z_f; 
–  fZ]gblhijh\h^guc ^bkd bgkl-

jmf_glZ bf__l gZfZ]gbq_gguc ih\_jo-
ghklguc kehc lhesbghc h k h^ghjh^-
gufb fZ]gblgufb oZjZdl_jbklbdZfb; 

–  fZ]gblguf \aZbfh^_ckl\b_f 
^_nhjfbjmxsbo rZjh\ k gZfZ]gbq_g-
ghc \gmlj_gg_c ih\_joghklvx pbebg^jZ 
ij_g_[j_]Z_f; 

–  ijb hlju\_ ijbjh^gh]h rZjZ hl 
fZ]gblhijh\h^gh]h ^bkdZ bgkljmf_glZ 
hkb dhhj^bgZl ijb\h^gh]h rZjZ kf_-
sZxlky hlghkbl_evgh hk_c dhhj^bgZl 
fZ]gblhijh\h^gh]h ^bkdZ gZ kdhev 
m]h^gh fZeuc m]he, \_ebqbgm dhlhjh]h 
g_ mqblu\Z_f. 

<uihegbf ihke_^h\Zl_evgh_ fh-
^_ebjh\Zgb_ bf_xsboky \ ijhp_kk_ kh-
\f_s_gghc mijhqgyxs_c h[jZ[hldb 
nZa ^\b`_gby ijb\h^gh]h b ^_nhjfb-
jmxs_]h rZjh\. 

1. Fh^_ebjh\Zgb_ ^\b`_gby 

ijb\h^gh]h rZjZ hl i_jbn_jbcghc 

ih\_joghklb fZ]gblhijh\h^gh]h ^bk-

dZ ^h \aZbfh^_ckl\by k ^_nhjfbjmx-

sbf rZjhf. 
JZkkfhljbf ^\b`_gb_ ijb\h^gh]h 

rZjZ hlghkbl_evgh ih^\b`guo hk_c dh-
hj^bgZl Ox1y1, k\yaZgguo k p_gljhf 
fZkk ijb\h^gh]h rZjZ (kbkl_fZ dhhj^b-
gZl Oxy k\yaZgZ k p_gljhf fZkk fZ]gb-
lhijh\h^gh]h ^bkdZ) (jbk. 2). 

AZibr_f hkgh\gh_ mjZ\g_gb_ ^b-
gZfbdb hlghkbl_evgh]h ^\b`_gby ijb-
\h^gh]h rZjZ: 

 

enr1m a G N N � � �
G JG JG JG

 

e lj k MN F N FW� � � �
JG JG JG JG

,          (1) 

]^_ m1 – fZkkZ ijb\h^gh]h rZjZ; ra
G

 – 

hlghkbl_evgh_ mkdhj_gb_ p_gljZ fZkk 

ijb\h^gh]h rZjZ; G
JG

 – kbeZ ly`_klb 

ijb\h^gh]h rZjZ (e_`bl \ iehkdhklb, 

i_ji_g^bdmeyjghc iehkdhklb q_jl_`Z); 

N
JG

 – ghjfZevgZy j_Zdpby, ^_ckl\mxsZy 

gZ ijb\h^ghc rZj kh klhjhgu ih\_jo-

ghklb rZc[u bgkljmf_glZ (e_`bl \ 

iehkdhklb, i_ji_g^bdmeyjghc iehkdh-

klb q_jl_`Z). Kbeu G
JG

 b N
JG

 mjZ\gh\_-

rb\Zxl ^jm] ^jm]Z; enN
JG

 – ghjfZevgZy 

khklZ\eyxsZy i_j_ghkghc kbeu bg_j-

pbb,  
2

en 1N m x Z  ;                 (2) 

eN W

JG
 – dZkZl_evgZy khklZ\eyxsZy i_j_-

ghkghc kbeu bg_jpbb,  
 

e 1 gN m rW  H  ;                (3) 

& – m]eh\Zy kdhjhklv \jZs_gby fZ]gb-
lhijh\h^gh]h ^bkdZ (ijb mklZgh\b\-

r_fky j_`bf_ econst, 0,N 0WZ H   
JG G G JG

); 

rg – gZqZevgh_ jZkklhygb_ f_`^m ]_h-
f_ljbq_kdbfb p_gljZfb fZ]gblhijh-
\h^gh]h ^bkdZ b ijb\h^gh]h rZjZ;                       
rg = r1 + r3; r1, r3 – jZ^bmku ijb\h^gh]h 
rZjZ b fZ]gblhijh\h^gh]h ^bkdZ khhl-

\_lkl\_ggh; ljF
JG

 – kbeZ lj_gby kdhev`_-

gby ijb\h^gh]h rZjZ h ih\_joghklv 
rZc[u, 

 

r
lj 1

2 2
r

V xi yj
F fN fm g

V x y

�
 �  �

�

JG G G
JG � �

� �

,   (4) 

]^_ f – dhwnnbpb_gl lj_gby kdhev`_gby 
ijb\h^gh]h rZjZ h ih\_joghklv rZc[u 

bgkljmf_glZ; rV
JG

 – \_dlhj hlghkbl_ev-

ghc kdhjhklb ijb\h^gh]h rZjZ; Vr – 
fh^mev \_dlhjZ hlghkbl_evghc kdhjhklb 

ijb\h^gh]h rZjZ; kN
JG

 – dhjbhebkh\Z 

kbeZ bg_jpbb. AgZq_gby dhjbhebkh\hc 

kbeu bg_jpbb kN
JG

 \ ijh_dpbyo gZ                

hkb x, y: 

kx 1N 2m y Z � ,                (5) 

ky 1N 2m x � Z � ;              (6) 

MF
JG

 – kbeZ fZ]gblgh]h ijbly`_gby 

ijb\h^gh]h rZjZ d i_jbn_jbcghc ih-
\_joghklb gZfZ]gbq_ggh]h fZ]gblhijh-
\h^gh]h ^bkdZ. 

JZkkfhljbf kbem fZ]gblgh]h ijb-

ly`_gby ijb\h^gh]h rZjZ MF
JG

 \ ijh_d-

pbyo gZ hkb dhhj^bgZl x, y \ khhl\_lkl-
\bb k jbk. 3. 
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Z)��

�

[) 

�

�

Jbk. 2. Ko_fZ ^\b`_gby ijb\h^gh]h rZjZ: Z – \ fhf_gl _]h hlju\Z hl i_jbn_jbcghc ih\_joghklb fZ]gblhijh-

\h^gh]h ^bkdZ; [ – ihke_ _]h hlju\Z hl fZ]gblhijh\h^gh]h ^bkdZ b i_j_f_s_gby d ^_nhjfbjmxs_fm rZjm; 1, 2 – ijb\h^ghc b 

^_nhjfbjmxsbc rZju khhl\_lkl\_ggh; 3 – ihi_j_qgh_ k_q_gb_ gZfZ]gbq_ggh]h \jZsZxs_]hky fZ]gblhijh\h^gh]h ^bkdZ 
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�

�

 

Jbk. 3. JZkq_lgZy ko_fZ hij_^_e_gby \_ebqbgu fZ]gblghc kbeu, ^_ckl\mxs_c gZ ijb\h^ghc rZj 

�

 

JZah[v_f mqZklhd gZfZ]gbq_ggh]h 

kehy fZ]gblhijh\h^gh]h ^bkdZ, h]jZgb-

q_gguc ijhba\hevguf m]ehf 2%k, gZ 

fgh`_kl\h mqZkldh\, dZ`^uc ba dhlh-

juo ij_^klZ\ey_l kh[hc we_f_glZjguc 

ihklhygguc fZ]gbl. LZd dZd jZkklhygb_ 

f_`^m ]_hf_ljbq_kdbfb p_gljZfb lZdh-

]h we_f_glZjgh]h fZ]gblZ b ijb\h^gh]h 

rZjZ ij_\urZ_l jZaf_ju kZfh]h fZ]gb-

lZ, lh kijZ\_^eb\u nhjfmeu [7]: 

 

> @

0 m1 m2Fo m

4
m

3 p pdF (r , , )

d 4 r

2cos cos( ) sin sin( ) ;

PT D
 u

< S

u T T�D � T T�D

 

Fy m

0 m1 m2

4
m

dF (r , , )

d

3 p p
sin( ),

4 r

T D
 

<
P

 T�D
S

 

beb  

0 m1 m2
Fo m 4

m

3 p p
dF (r , , )

4 r

P
T D  u

S
 

> @2cos cos( ) sin sin( ) du T T�D � T T�D < ; (7) 

Fy mdF (r , , )T D   

0 m1 m2

4
m

3 p p
sin( )d

4 r

P
 T�D <

S
,      (8) 

]^_ P0 – fZ]gblgZy ihklhyggZy,                     

P0 = 4S · 10
–7

 =g/f; pm1 – fZ]gblguc fh-

f_gl we_f_glZjgh]h ihklhyggh]h fZ]-

gblZ; pm2 – fZ]gblguc fhf_gl ijb\h^-

gh]h rZjZ; � – m]he kf_s_gby ijb\h^-

gh]h rZjZ hlghkbl_evgh hkb HFoF (kf. 

jbk. 3); . – m]he, hij_^_eyxsbc iheh-

`_gb_ \_dlhjZ m2p
G

 [7],  

 

2

3cos sin
arctg

3cos 1

T T§ ·D  ¨ ¸T�© ¹
;           (9) 
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rm – jZkklhygb_ f_`^m ]_hf_ljbq_kdbfb 

p_gljZfb we_f_glZjgh]h ihklhyggh]h 

fZ]gblZ b ijb\h^gh]h rZjZ.  

Kh]eZkgh jbk. 3 ba 'HFK< ke_^m-

_l, qlh  

F
m

k

H <
r

kos
 

T
,                (10) 

]^_ Tk – m]he, hij_^_eyxsbc iheh`_gb_ 

jZ^bmkZ-\_dlhjZ 
mr
JJG

, kh_^bgyxs_]h 

]_hf_ljbq_kdb_ p_glju djZcg_]h we_-

f_glZjgh]h ihklhyggh]h fZ]gblZ b ijb-

\h^gh]h rZjZ. 

Ba 'HK< gZoh^bf Hf<: 

F k 3

h
H < HK cos r

2
 � < � �   

k 3

h
x cos r

2
 � < � � .          (11) 

FZ]gblguc fhf_gl we_f_glZjgh]h 

ihklhyggh]h fZ]gblZ hij_^_ey_f ih aZ-

\bkbfhklb [7] 
 

3

m1

0

h
4 B

2
p

2

§ ·S ¨ ¸
© ¹ 
P

,                (12) 

]^_ B b h – \_ebqbgZ fZ]gblghc bg^md-

pbb b lhesbgZ gZfZ]gbq_ggh]h ih\_jo-

ghklgh]h kehy fZ]gblhijh\h^gh]h ^bkdZ 

khhl\_lkl\_ggh. 

FZ]gblguc fhf_gl ijb\h^gh]h 

rZjZ [7] 
3

1
m2

( 1)Hr
p

2

P �
 

P �
,              (13) 

]^_ � – fZ]gblgZy ijhgbpZ_fhklv kj_-

^u; H – gZijy`_gghklv fZ]gblgh]h ihey 

\ lhqd_, hij_^_eyxs_c iheh`_gb_ ]_h-

f_ljbq_kdh]h p_gljZ ijb\h^gh]h rZjZ. 

Ijb hij_^_e_gbb ij_^_eh\ bgl_]-

jbjh\Zgby \ujZ`_gbc (7) b (8) mqblu-

\Z_f, qlh \_ebqbgZ fZ]gblghc kbeu, 

^_ckl\mxs_c gZ ijb\h^ghc rZj, aZ\b-

kbl hl jZkklhygby f_`^m ]_hf_ljbq_-

kdbfb p_gljZfb we_f_glZjgh]h ihklh-

yggh]h fZ]gblZ b ijb\h^gh]h rZjZ. K 

^hklZlhqghc kl_i_gvx lhqghklb ij_^_e 

bgl_]jbjh\Zgby ijbgbfZ_f jZ\guf 

kr< . Ba 'HK< ke_^m_l, qlh 

 

1
k

r
arcsin

HK
<  ,            (14) 

]^_ < k – m]he, hij_^_eyxsbc iheh`_-

gb_ djZcg_]h we_f_glZjgh]h ihklhyggh-

]h fZ]gblZ (^ey ijhba\hevgh]h we_f_g-

lZjgh]h ihklhyggh]h fZ]gblZ < k = < ;             

Tk = T). 

MklZgh\bf aZ\bkbfhklv f_`^m m]-

eZfb < k b �k. >ey wlh]h jZkkfhljbf 

djZcgbc ih jZkiheh`_gbx we_f_glZj-

guc ihklhygguc fZ]gbl (kf. jbk. 3). 

Ba 'HK< ke_^m_l, qlh 

kK< HK sin � < . 

<ujZabf K< ba 'HfK<: 

kC< Hf< tg � T . 

Lh]^Z m]he Tk hij_^_eblky dZd 

k
k

HK sin
arctg

Hf<

� <§ ·T  ¨ ¸
© ¹

.        (15) 

Ijh_dpbb kmffZjghc fZ]gblghc 

kbeu, ^_ckl\mxs_c gZ ijb\h^ghc rZj 

kh klhjhgu jZkkfZljb\Z_fuo we_f_g-

lZjguo ihklhygguo fZ]gblh\ fZ]gblh-

ijh\h^gh]h ^bkdZ, gZ hkb Ho b Hm:  

 
FMx

0 m1 m2
Mx

0

k

4
mk

3 p p
dF

4

1
[2cos cos( )

r

<

�<

P
 u

S

u T T�D �

³

³

 

sin sin( )]d ;� T T� D <           (16) 

FMy

0 m1 m2
My

0

3 p p
dF

4

P
 u

S³  

k

4
mk

1
sin( )d 0.

r

<

�<

u T�D <  ³       (17) 
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Ijb bgl_]jbjh\Zgbb \ujZ`_gbc 

(16) b (17) mqblu\Z_f agZq_gby iZjZ-

f_ljh\ D, T, rm b HF<, k\_^_gguo \ kbk-

l_fm (18): 

 

m1 m2
Mx

k

4
m0

2

M

M
m

M 1

3 p p
F

2

1
2cos cos( )d ;

r

3cos sin
arctg ;

3cos 1

OC sin
arctg ;

O B

O B
r ;

cos

h
O B x cos r .

2

<

P  u° S
°
°
u T T � D <°
°
° T T§ ·D  ° ¨ ¸° T �© ¹®

§ ·° � <
T  ¨ ¸°

© ¹°
°

 °
T°

°
 � < � �°̄

³

    (18) 

LZd dZd m]he <  = f(x), lh \\_^_f 

ke_^mxs__ h[hagZq_gb_: 
 

FMx = m1AFM(x),             (19) 

]^_ A – ihklhyggZy \_ebqbgZ,  

0 m1 m2

1

3 p p
A

2 m

P
 

S �
.             (20) 

Ihke_ ij_h[jZah\Zgbc aZibr_f 

mjZ\g_gb_ (1) \ ijh_dpbyo gZ hkb dhhj-

^bgZl Oxy \ nhjf_ Dhrb: 

 
2

M
2 2

2 2

x x 2 y

x
AF (x) fg ;

x y

y
y 2 x fg .

x y

  Z � Z �
°
°� �°

�®
°
°  � Z �
° �¯

�� �

�

� �

�
�� �

� �

      (21) 

Ijb j_r_gbb kbkl_fu (21) f_lh-

^Zfb qbke_ggh]h bgl_]jbjh\Zgby ke_-

^m_l kh[ex^Zlv djZ_\u_ mkeh\by dhhj-

^bgZl p_gljZ fZkk b kdhjhklb ijb\h^-

gh]h rZjZ: 

– gZqZevgu_ 

t = t0; x = x0; y = 0; 

0x x � � ; 
0y y � � ; 2 2

0 0 1 3x y r r�  � ; 

– l_dmsb_ 

t = t; x = x; y = 0;  

x x � � ; y y � � ; 2 2
0 0x y x�  ; 

– dhg_qgu_ 

t = tk; x = xk; y = 0; 

kx x � � ; 
ky y � � ; 2 2

k k kx y x�  , 

]^_ t0, tk, x0, xk, y0, yk, 0x� , 
kx� , 

0y� , 
ky�  – 

\j_fy, dhhj^bgZlu p_gljZ ijb\h^gh]h 

rZjZ b ijh_dpbb kdhjhklb ijb\h^gh]h 

rZjZ gZ hkb Ox b Oy \ gZqZevguc b dh-

g_qguc fhf_glu nZau ^\b`_gby ijb-

\h^gh]h rZjZ hl fZ]gblhijh\h^gh]h 

^bkdZ ^h \aZbfh^_ckl\by k ^_nhjfb-

jmxsbf rZjhf khhl\_lkl\_ggh.  

Ijb qbke_gghf bgl_]jbjh\Zgbb 

ke_^m_l kh[ex^Zlv mkeh\b_ 
 

2 2
k k maxx y HK� d , 

]^_ HKmax – fZdkbfZevgh \hafh`gh_ 

jZkklhygb_ f_`^m ]_hf_ljbq_kdbfb 

p_gljZfb fZ]gblhijh\h^gh]h ^bkdZ b 

ijb\h^gh]h rZjZ (hij_^_ey_lky dhgkl-

jmdpb_c bgkljmf_glZ). 
 

2. Fh^_ebjh\Zgb_ \aZbfh^_ckl-

\by ijb\h^gh]h b ^_nhjfbjmxs_]h 

rZjh\. 

<jZsZykv k m]eh\hc kdhjhklvx Z 

\^hev dhevp_\hc dZf_ju bgkljmf_glZ, 

ijb\h^ghc rZj i_jbh^bq_kdb \aZbfh-

^_ckl\m_l k ^_nhjfbjmxsbf rZjhf. 

Ijb wlhf kqblZ_f, qlh bf__l f_klh dh-

khc p_gljZevguc m^Zj (bfimevku kbeu 

gZijZ\e_gu ih ebgbb, kh_^bgyxs_c 

]_hf_ljbq_kdb_ p_glju \aZbfh^_ckl-

\mxsbo rZjh\), Z \ ahg_ \aZbfh^_ckl-

\by rZjh\ m^Zjgh_ lj_gb_ hlkmlkl\m_l. 

>ey bkke_^h\Zgby m^Zjgh]h \aZbfh-

^_ckl\by ijb\h^gh]h rZjZ k ^_nhjfb-

jmxsbf rZjhf (jbk. 4) hij_^_ebf dhwn-

nbpb_gl \hkklZgh\e_gby ijb m^Zj_ [8]: 
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1

2

tg
D

tg

D
 

D
,                     (22) 

]^_ K – dhwnnbpb_gl \hkklZgh\e_gby;  

D1, D2 – m]eu iZ^_gby b hljZ`_gby ijb-

\h^gh]h rZjZ, jZ\gu_ m]eZf ( c1v n�
GG

) b 

( c1u n� �
GG

) khhl\_lkl\_ggh ( c1v
G

 – \_d-

lhj kdhjhklb p_gljZ fZkk ijb\h^gh]h 

rZjZ \ fhf_gl gZqZeZ m^ZjZ; c1u
G

 – \_d-

lhj kdhjhklb p_gljZ fZkk ijb\h^gh]h 

rZjZ \ fhf_gl hdhgqZgby m^ZjZ); n
G

 – 

\_dlhj ghjfZeb, ijh\_^_gghc d ih\_jo-

ghklb ijb\h^gh]h b ^_nhjfbjmxs_]h 

rZjh\ \ lhqd_ bo khijbdhkgh\_gby. 

 

�

�

�

Jbk. 4. JZkq_lgZy ko_fZ m^Zjgh]h \aZbfh^_ckl\by ijb\h^gh]h rZjZ k ^_nhjfbjmxsbf rZjhf:                   
1 – ijb\h^ghc rZj; 2 – ^_nhjfbjmxsbc  rZj; 3 – ihi_j_qgh_ k_q_gb_ gZfZ]gbq_ggh]h \jZsZxs_]hky fZ]gblhijh\h^gh]h ^bkdZ 

 

 

Hij_^_ebf ijh_dpbb kdhjhklb 

ijb\h^gh]h rZjZ gZ hkb n b W \ gZqZev-
guc fhf_gl m^ZjZ ijb\h^gh]h rZjZ h 

^_nhjfbjmxsbc rZj: 
 

 

 

1 e k 1 k 1v (v m )sin x cos ;W  � J � J� �  

1n e k 1 k 1v (v m )cos x sin , � J � J� �   (23) 

]^_ ve – i_j_ghkgZy kdhjhklv p_gljZ 

ijb\h^gh]h rZjZ, ve = Z · HK. 
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1
1

1n

v
tg

v

WD    

d 1 d 1

d 1 d 1

( OC m )sin x cos

( OC m )cos x sin

Z� � J � J
 

Z� � J � J

� �

� �

.  (24) 

Lh]^Z m]he hljZ`_gby  

k 1 k 1
2

d 1 d 1

( OC m )sin x cos 1
tg

( OC m )cos x sin K

Z� � J � J
D  �

Z� � J � J

� �

� �

, (25) 

]^_ J1 – m]he f_`^m ghjfZevx n b             

hkvx Hm; k kx , y� �  – ijh_dpbb \_dlhjZ 

kdhjhklb p_gljZ fZkk ijb\h^gh]h rZjZ 

gZ hkb Ho b Hm \ fhf_gl m^ZjZ. 

Kh]eZkgh jbk. 4, m]he J1 = J – S/2. 

Ba lj_m]hevgbdZ HKhK ke_^m_l, 

qlh 
2 2 2a b c

arccos
2ab

� �
J  , 

]^_ Z = HK = f(h1); b = CC0; c = OC0. 

>ey hij_^_e_gby HK aZibr_f jZ-

\_gkl\h 

HKh – r2 + h1 = OC + r1, 

hldm^Z  

HK = HK0 –r2 – r1 + h1,         (26) 

]^_ J – lmihc m]he lj_m]hevgbdZ HK0K; 

h1 – gZly] f_`^m ijb\h^guf b ^_nhj-

fbjmxsbf rZjZfb (\_ebqbgZ i_j_dju-

lby \_jrbg dhglZdlbjmxsbo rZjh\). 

AZibr_f ijh_dpbb kdhjhklb p_g-

ljZ fZkk ^_nhjfbjmxs_]h rZjZ gZ hkb 

n b W: 

2 2v v cosW  E ,                (27) 

2n 2v v sin E ,                (28) 

]^_ v2 – kdhjhklv p_gljZ fZkk ^_nhjfb-

jmxs_]h rZjZ; E – m]he f_`^m ijyfhc 

HK0 b ghjfZevx n. 

Ba l_hj_fu kbgmkh\ ke_^m_l, qlh 

0

sin sin

OC OC

E J
 , 

hldm^Z 

0

OCsin
sin

OC

J
E  . 

Ba ljb]hghf_ljbq_kdhc nhjfmeu  

2cos 1 sinE  � E . 

Ijh_dpbb \_dlhjZ kdhjhklb p_gljZ 

fZkk ijb\h^gh]h b ^_nhjfbjmxs_]h 

rZjh\ gZ ghjfZev n \ dhgp_ m^ZjZ [8]: 

 

1n cn cn 1nu v K(v v ) � � ;     (29) 

2n cn cn 2nu v K(v v ) � � ,    (30) 

]^_ vcn – kdhjhklv p_gljZ fZkk kbkl_fu, 

1 1n 2 2n
cn

1 2

m v m v
v

m m

�
 

�
,           (31) 

]^_ m1, m2 – fZkku ijb\h^gh]h b ^_-

nhjfbjmxs_]h rZjh\ khhl\_lkl\_ggh. 

LZd dZd \_dlhju m^Zjgh]h bfimev-

kZ gZijZ\e_gu ih h[s_c ghjfZeb n d 

ih\_joghklyf khm^Zjyxsboky rZjh\, lh 

ijh_dpbb \_dlhjZ kdhjhklb p_gljZ fZkk 

ijb\h^gh]h b ^_nhjfbjmxs_]h rZjh\ 

gZ dZkZl_evgmx W ^h b ihke_ m^ZjZ hk-

lZxlky g_baf_ggufb: 
 

1 1v uW W ; 2 2v uW W ,         (32) 

]^_ u1W, u2W – ijh_dpbb \_dlhjZ kdhjhklb 

p_gljZ fZkk ijb\h^gh]h b ^_nhjfb-

jmxs_]h rZjh\ gZ dZkZl_evgmx W ihke_ 
m^ZjZ khhl\_lkl\_ggh. 

Lh]^Z 

1
2

1n

u
tg

u

WD  .                   (33) 

:[khexlgu_ kdhjhklb ijb\h^gh]h 

b ^_nhjfbjmxs_]h rZjh\ ihke_ m^ZjZ: 
 

2 2
1 1n 1u u u W � ;              (34) 

2 2
2 2n 2u u u W � .            (35) 

AZdexq_gb_ 

< klZlv_ ij_^klZ\e_g gh\uc kih-

kh[ nhjfhh[jZah\Zgby \gmlj_gg_c ih-

\_joghklb pbebg^jZ bfimevkgh-m^Zj-

guf jZkdZlu\Zgb_f \ fZ]gblghf ihe_. 

JZajZ[hlZgZ dhgkljmdpby dhf[bgbjh-
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\Zggh]h ^\mojy^gh]h fZ]gblgh-^bgZfb-

q_kdh]h bgkljmf_glZ ^ey hl^_ehqgh-

mijhqgyxs_c h[jZ[hldb. Ihemq_gu 

kbkl_fu ^bnn_j_gpbZevguo mjZ\g_gbc, 

hibku\Zxsb_ dbg_fZlbdm ^\b`_gby 

ijb\h^gh]h rZjZ b _]h \aZbfh^_ckl\b_ 

k ^_nhjfbjmxsbf rZjhf ijb kh\f_-

s_gghc mijhqgyxs_c h[jZ[hld_ bf-

imevkgh-m^Zjguf jZkdZlu\Zgb_f b 

\jZsZxsbfky fZ]gblguf ihe_f. GZc-

^_gu gZqZevgu_ b dhg_qgu_ mkeh\by 

^ey qbke_ggh]h bgl_]jbjh\Zgby ^bnn_-

j_gpbZevguo mjZ\g_gbc b hij_^_e_gby 

dbg_fZlbq_kdbo oZjZdl_jbklbd ijb\h^-

gh]h rZjZ ijb jZaebqguo j_`bfZo dhf-

[bgbjh\Zgghc hl^_ehqgh-mijhqgyxs_c 

h[jZ[hldb b dhgkljmdlb\guo iZjZf_l-

jZo fZ]gblgh-^bgZfbq_kdh]h bgkljm-

f_glZ. Ihemq_gu ZgZeblbq_kdb_ aZ\b-

kbfhklb ^ey hij_^_e_gby kdhjhklb ^_-

nhjfbjmxs_]h rZjZ \ fhf_gl _]h 

\aZbfh^_ckl\by k mijhqgy_fhc \gml-

j_gg_c ih\_joghklvx pbebg^jZ.  
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